We introduce a combinatorial argument to study closed minimal hypersurfaces of bounded area and high Morse index. Let (M n+1 , g) be a closed Riemannian manifold and Σ ⊂ M be a closed embedded minimal hypersurface with area at most A > 0 and with a singular set of Hausdorff dimension at most n− 7. We show the following bounds: there is C A > 0 depending only on n, g, and A so that
Introduction
In this paper we study families of closed embedded minimal hypersurfaces with a uniform bound on their n-volume but arbitrarily high Morse index. For reasons that will be explained later, we are interested in bounding the geometric complexity of a minimal hypersurface from above by the index.
Let (M n+1 , g) be a closed Riemannian n-manifold. Our main results are divided into two cases: the low dimensional case 3 ≤ n + 1 ≤ 7 and the higher dimensional case n + 1 ≥ 8. In the following result, the area of a hypersurface in M means its n-dimensional volume. We fix a field F and denote by b i (.) = b i (., F ) the dimension over F of the cohomology groups H i (., F ) (in the statement b i (.) can in fact be replaced by the dimensions b i (.) for the homology groups H i (., F )). Theorem 1. Let (M, g) be a closed (n + 1)-dimensional Riemannian manifold, with 2 ≤ n ≤ 6. For any A > 0, there is a constant C A = C A (M, g, A) depending only on the metric and A, such that for any smoothly embedded closed minimal hypersurface Σ ⊂ M of area at most A, n i=0 b i (Σ) ≤ C A (1 + index(Σ)).
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In dimension n + 1 = 3, C A depends linearly on A, i.e. C A ≤ C.A for some constant C depending only on the metric g.
In our next main theorem, we say that Σ is a closed smooth minimal hypersurface smooth outside a singular set of Hausdorff dimension at most n − 7 if Σ is a stationary multiplicity one integral n-varifold whose support is smoothly embedded outside a set of dimension at most n − 7. This assumption is natural in view of the fact that area minimizing hypersurfaces have this regularity, as well as minimal hypersurfaces produced by min-max theories. The n-mass of this varifold Σ is called area. Its Morse index is defined to be the index of its regular part.
Theorem 2. Let (M, g) be a closed (n + 1)-dimensional Riemannian manifold, with n ≥ 7. For any A > 0, there is a constant C A = C A (M, g, A) depending only on the metric and A, such that for any closed embedded minimal hypersurface Σ ⊂ M smooth outside a singular set Sing(Σ) of Hausdorff dimension at most n − 7 and of area at most A, H n−7 (Sing(Σ)) ≤ C A (1 + index(Σ)) 7/n .
In both theorems, we expect our inequalities to be sharp up to the nonexplicit factor C A (it is indeed the case in dimension n+1 = 3). In dimension n + 1 = 3, we conjecture a better general bound when the area is unbounded (see Section 6, Conjecture C 1 ). For examples of infinite sequences of minimal surfaces with uniformly bounded area in the round 3-sphere, see for instance [36, 33, 29, 57, 11, 34, 35, 31, 30] (see also [27, 28] ). In the statement of Theorem 2, the assumptions can probably be weakened by the regularity theory of Wickramasekera [56] .
In dimensions 3 ≤ n + 1 ≤ 7, Theorem 1 can be thought of as a quantification of the following "compactness" results which hold under a uniform index bound assumption. R. Schoen-L. Simon [49] proved that the set of stable minimal hypersurfaces (i.e. with Morse index 0) with a uniform area bound is smoothly compact. This was extended by B. Sharp [51] to a varifold compactness result for any set of minimal hypersurfaces with uniform area and index bounds. By studying bounded index minimal hypersurfaces, H.-Z. Li and X. Zhou [37] constructed general examples of sequence of unbounded index minimal hypersurfaces (see also [7, 1] ). O. Chodosh, D. Ketover and D. Maximo [9] described the degenerations occurring in the compactness result of [51] and among other things showed that any space of minimal hypersurfaces with uniformly bounded area and index contains only finitely many diffeomorphism types. Another related article is A. Carlotto [6] . Results for the total curvature were obtained by R. Buzano and Sharp [5] . In [42] , Maximo proved Theorem 1 in dimension 3, in the special case where the index is uniformly bounded.
On the other hand Theorem 2 quantifies the work of A. Naber-D. Valtorta [44] , which bounds the size of the singular set of area minimizing hypersurfaces in dimensions n + 1 ≥ 8.
One of our main motivations comes from the existence theory for minimal hypersurfaces. For simplicity let us focus on closed Riemannian 3-manifolds. Many recent works revolving around Yau's conjecture for minimal surfaces, which asks for the existence of infinitely many minimal surfaces in any closed 3-manifold [59] , led to the realization that closed embedded minimal surfaces abound in closed 3-manifolds. F. C. Marques and A. Neves [39] initiated a program to develop the min-max theory of Almgren-Pitts as an approach to the conjecture. Later K. Irie-Marques-Neves [26] , Chodosh-C. Mantoulidis [10] , X. Zhou [60] proved the generic case of Yau's conjecture, and we settled the general case in [52] . One important aspect of min-max theory is that in a closed 3-manifold, one can construct of a sequence {Σ p } p∈N of closed embedded minimal surfaces playing the role of non-linear geometric eigenfunctions. How geometrically complicated are these minimal hypersurfaces? As a Morse theoretic heuristic suggests, each Σ p has natural Morse index bounds [38, 10, 60] . It means that, in order to understand Σ p , it is crucial to study the relation between the geometry of a minimal surface and its Morse index. The following conjecture of Marques, Neves and Schoen fits into that picture: if a closed manifold (M n+1 , g) has positive Ricci curvature, then any closed smoothly embedded minimal hypersurface Σ n ⊂ M should satisfy for some C depending only on (M, g):
where b 1 (Σ) is the first Betti number over R. In this paper, without assuming conditions on the ambient curvature, we find the first upper bound on the genus of these minimal surfaces Σ p : since Σ p has area growing as p 1/3 and index at most p, we have as a corollary of Theorem 1 that for a constant C = C(g), genus(Σ p ) ≤ Cp 4/3 .
We conjecture that the optimal bound should be linear (see Section 6,Conjecture C 1 ). Previously, Chodosh-Mantoulidis [10] proved that generically genus(Σ ′ p ) ≥ Cp where {Σ ′ p } is the analogous sequence of min-max minimal surfaces produced with the Allen-Cahn min-max theory.
Another motivation is to better understand families of minimal surfaces in 3-manifolds which have bounded area but unbounded genus and index. For bounded index minimal surfaces with possibly unbounded area, we have already mentioned [37, 9, 6, 42] . The case where the area can be unbounded but the genus is uniformly bounded has been extensively studied by T. H. Colding and W. P. Minicozzi in a series of papers that give an essentially complete picture of what happens under these assumptions [14, 15, 16, 17, 18] . For earlier work when Ric > 0, see H. I. Choi-Schoen [12] . On the other hand, when the area is bounded but not the genus or index, the situation remains foggy. The quantified results we propose here imply that genus and index are actually equivalent in this setting. Indeed as a corollary of Theorem 1 and N. Ejiri-M. Micallef [19] , we obtain: Corollary 3. Let (M 3 , g) be a closed 3-manifold. For any A > 0, there is a constant C A = C A (g, A) > 0 such that for any closed embedded minimal surface Σ of area at most A:
) This is consistent with the index computations by N. Kapouleas-D. Wiygul of some Lawson surfaces [32] .
Let us give some further background on quantified index bounds. In dimension n = 2, optimal upper bounds for the index in terms of the area and genus for 2-dimensional minimal surfaces have been proved by N. Ejiri-M. Micallef [19] : they showed that for any closed minimal surface Σ in a 3-manifold (M 3 , g), there is C = C(g) so that index(Σ) ≤ C(area(Σ) + genus(Σ)).
There are no such upper index bounds for higher dimensional minimal hypersurfaces as it is shown by the minimal 3-spheres with bounded area and unbounded index constructed by W.-Y. Hsiang [24, 25] .
When it comes to lower index bounds, starting with an idea of A. Ros [46] there have been many articles verifying the conjecture of Marques-Neves-Schoen (1) mentioned earlier for ambient spaces (M, g) carrying special metrics: see [46, 3] for flat tori, A. Savo [47] for round spheres, F. Urbano [53] for S 1 ×S 2 , L. Ambrozio-Carlotto-Sharp [2] for compact rank one symmetric spaces and more, C. Gorodski-R. A. E. Mendes-M.Radeschi [21] etc. These papers are based on subtle refinements of Ros' method and consequently their results do not depend on an area upper bound but require the metric to be very symmetric. Note that for a general metric g, Theorem 1 is false if we remove the dependency of C A on the area bound A (there are examples of sequence of stable minimal surfaces with unbounded genus, see Example 1.2 in [41] ). To improve the understanding of high index minimal hypersurfaces in general Riemannian manifolds and prove Theorem 1, we will not use Ros' technique but instead we introduce a new quantified covering argument that we explain in Section 1.
In high dimensions n + 1 ≥ 8, we cannot get a similar bound for the total Betti number as in Theorem 1, and as a matter of fact we conjecture that there should be counterexamples (see Section 6) . Theorem 2 is the first bound on the size of the singular set by the Morse index.
Finally we end this introduction with some comments on Theorem 1. When n = 2, we can replace the area bound by a weaker assumption: a bound on the maximal number of "parallel sheets" in a stable ball B ∩ Σ is enough. Let N(Σ) be this number, that we call sheeting number (see Definition 2.3). We will explain in Section 4 that if N(Σ i ) is bounded above by a number N ′ > 0 for a sequence of minimal surfaces Σ i ⊂ (M 3 , g), then there is C = C(g, N ′ ) so that area(Σ i ) ≤ C(index(Σ i ) + 1) 1/3 and area(Σ i ) ≤ C(genus(Σ i ) + 1) 1/3 .
Organization.
In Section 1, we outline the combinatorial arguments used to prove the main theorems. Sections 2 and 3 are focused on the proof of Theorem 1, Section 4 shows additional results related to the area and the sheeting number. In Section 5, Theorem 2 is proved. Finally in the last section we list some open problems related to the geometric complexities of minimal hypersurfaces.
Outline of methods of proofs
In this first section, we explain our method, which relies on a geometric covering argument. Covering arguments implying topological or geometric "finiteness" properties had already been used in Differential Geometry, some instances include Gromov [4, Chapter 13] [22], Naber-Valtorta [44] . In our case this covering is given by using estimates for stable minimal hypersurfaces. The novelty in our paper is to relate in a quantified way the number of balls in the covering to the Morse index while dealing with the issue that the relative sizes and positions of these balls are uncontrolled. Our arguments are based on counting arguments which are not specific to minimal hypersurfaces and may apply to other variational objects.
1.1. Definition of the folding number. In the following, (M n+1 , g) is a closed (n + 1)-dimensional Riemannian manifold. Let us introduce the following useful quantity:
Note the following simple inequality f(Σ) ≤ index(Σ) (see for instance [51, Lemma 3.1] ). We chose this name to suggest that in lower dimensions, unstable minimal surfaces are generally folded while stable minimal surfaces are not folded because of the curvature estimates of Schoen [48] , Schoen-Simon-Yau [50] , Schoen-Simon [49] . There are many ways to get more quantified and general variations of the previous definition for an arbitrary immersed hypersurface.
1.2.
Outline of proof of Theorem 1. Fixr ≪ injrad M . Let Σ be a smoothly embedded closed minimal hypersurface in (M, g) with n-volume at most A. The strategy to prove Theorem 1 is the following. Let λ ≫ 1. We cover Σ with a finite number of closed geodesic balls {B i } K i=1 of (M, g) of radius at mostr, such that Σ is stable in sλB i for any s < 1 but unstable in sλB i for any s > 1 if the radius of sB i is strictly less thanr. If λ was chosen large enough, by well-known curvature bounds [48, 49] , each B i ∩ Σ is a collection of almost flat n-disks (after rescaling). The number of such disks in a given B i is essentially bounded by the area of Σ thanks to the monotonicity formula. Moreover we can guarantee that the overlap between the B i is bounded by a dimensional constant. Then byČech cohomology, the total Betti number n i=0 b i (Σ) of Σ is bounded above by a constant depending on (M, g) times area(Σ)K. Let us suppose for simplicity that for each B i , the radius of B i is strictly less thanr. By the simple inequality between folding number f and Morse index, the theorem would be proved if we can show that
for some C > 0 depending only (M, g) and A > 0. To do so, we can try to find K ′ disjoint balls of the form λB i ′ at positive distance from one another, so that f(Σ) ≥ K ′ , where K ′ bigger that a definite fraction of K. The difficulty in doing so is illustrated by the following toy case. Consider the situation where in a certain ball B(p, r), the minimal hypersurface Σ is close to a smooth minimal cone with tip at p in B(p, r)\B(p, ǫ), where ǫ > 0 is tiny, and Σ has very large curvature inside B(p, ǫ). Then it could be that there are a large number of balls {b 1 , ..., b L } in the covering {B i } contained in B(p, r) with radii roughly proportional to their distances to the tip p but for any i, j ∈ {1, ..., L}, λb i ∩ λb j = ∅: in that case we would not be able to find a lot of disjoint balls of the form λB i inside B(p, r) and the attempt of proof would fail. This concentration of curvature at one point is the main difficulty and the idea is to avoid it by observing that this can happen only when the hypersurface Σ is close to being conical. We can define an "almost conical" region C (see Subsection 2.2). After removing from Σ the region C, the topology of Σ\C recovers that of Σ, and one can run the above argument to a good cover {B i } of Σ\C instead of Σ. Roughly speaking, it is then possible to show the desired bound using the following "tree argument" (see Proposition 9) . Suppose for simplicity that the balls λB i are either disjoint or included one into the other. Then we construct a tree such that each vertex v corresponds to a ball λB i and descendants of v correspond to disjoint balls of the form λB i 1 included in λB i . The leaves of that tree correspond to disjoint balls of the form λB i ′ so we would like to prove that the number K ′ of leaves of this tree is larger than a definite fraction of the total number of vertices (which is K). This is true if in the tree there are no long sequences of vertices v 1 , v 2 , ..., v Q such that v q+1 is the only descendant of v q for q ∈ {1, ..., Q − 1}. But this bad situation precisely corresponds to the toy case where curvature is concentrating at one point. Since we removed the almost conical region C from Σ before constructing the covering, we know a priori that this cannot happen so the number K ′ of leaves in the tree is comparable to the number K of its vertices and the proof is finished. In the actual proof, we cannot just pick the K ′ balls from {λB i } K i=1 , we will need to construct a new family of K ′ balls. In dimension n + 1 = 3, we can get better estimates for the constant by using the removable singularity theorem of Meeks-Pérez-Ros for minimal laminations [43] . Their result applies to minimal surfaces without area bound, but having curvature concentrating at a point, and roughly speaking it states that near this point but not to close, the minimal surface is almost flat after rescaling, in particular it is a union of disks and annuli. Let C ⊂ Σ be the union of these almost flat (after rescaling) regions in Σ. The topology of Σ\C bounds from above the genus of Σ. As before, if we started with a cover {B i } of Σ\C instead of Σ, then we avoid the issue of concentration of curvature at one point and we can finish the proof. Compared to the case 3 ≤ n + 1 ≤ 7, [43] replaces the monotonicity formula.
1.3. Outline of proof of Theorem 2. The proof is divided into two cases: when n + 1 = 8 and when n + 1 ≥ 9.
In the former case, the proof uses exactly the same combinatorial argument as for Theorem 1, we start with a cover of the (finite) singular set of Σ by balls {B i } K i=1 with bounded overlap and we try to find K ′ disjoint balls of the form λB i where K ′ is larger than a definite fraction of K. Again we will need to first cut off an almost conical region C from Σ.
In the case n+1 ≥ 9, the proof is in fact easier due to the scaling properties of the size of the singular set, which now has positive dimension n − 7. We do not need to remove from Σ an almost conical region. The proof is then based on the tree argument described earlier combined with the discrete Hölder's inequality.
Total Betti number and Morse index in dimensions 3 to 7
In this section, we prove Theorem 1 in dimensions 4 to 7. The arguments used work equally well for dimension 3, but we will see in the next section that better estimates depending on the area bound A can be obtained in that case.
2.1. The stability radius. Let (M, g) be a closed manifold of dimension 3 ≤ n + 1 ≤ 7. Letr < injrad M , λ > 2, 0 < ǫ SS ≪ 1. We can assumē r ∈ (1/2, 1) and 3λr < injrad M .
We introduce a useful radius function associated to a closed immersed minimal hypersurface Σ which is smooth (as all minimal hypersurfaces considered in this section). In the above definition, B(x, λr) ∩ Σ is said to be stable if empty. Let A > 0. The following is a consequence of the curvature bounds for stable minimal hypersurfaces due to Schoen-Simon [49, Section 6, Corollary 1]: if we suppose that λ is large enough (depending on (M, g) and A) then for any closed minimal hypersurface Σ of n-volume at most A, for any x ∈ M and any y ∈ Σ ∩ B(x, 2s 1 (x)),
where |A(y)| denotes the norm of the second fundamental form of Σ at y We choose ǫ SS , and rescale the metric so that for any embedded hypersurface Σ and p ∈ M, if for all x ∈ Σ ∩ B(p, 2r), r|A(x)| ≤ ǫ SS for an r <r, then Σ ∩ B(p, r) (and also Σ ∩ B(p, 2r)) is a union of n-dimensional disks which are local graphs of functions with small C 2 norm.
By definition, clearly the maximal number of disjoint balls of the form B(x, λs 1 (x)) with x ∈ M and s 1 (x) <r at positive distance from one another is smaller than or equal to the folding number f(Σ) defined in the Subsection 1.1. Defining s 1 enables us to rigorously quantify the argument outlined in Section 1.
Lemma 4. Given (M, g) and Σ as above, the stability radius s 1 : M → (0,r] is a continuous function.
2.2.
The almost conical region C. In this subsection we define the almost conical region C and list some useful properties.
Consider a Riemannian manifold (M n+1 , g) of dimension 3 ≤ n + 1 ≤ 7. If Σ is a hypersurface, p ∈ M, r > 0 denote by Θ(p, r) the usual quantity n-volume of B g (p, r) ∩ Σ ω n r n where the n-volume is computed with g and ω n is the Euclidean n-volume of the unit n-disk. We denote by Θ Eucl (., .) the analogue quantity for the Euclidean metric. For s ≤ t <r and p ∈ M, let A(p, s, t) be the open annulus B(p, t)\B(p, s) ⊂ M.
LetĀ > 0 (we will choose it depending on the area bound A later). Let Γ be a minimal cone of R n+1 whose tip is 0 ∈ R n+1 and smoothly embedded outside {0}, such that Θ Eucl (0, 1) ≤Ā. Let |A(.)| denotes the norm of the second fundamental form of such a Γ at a point. Let β 0 > 0 be large enough so that for any such Γ with max y∈Γ∩∂B Eucl (0,1) |A(y)| ≥ β 0 , then there exist two balls b 1 , b 2 ⊂ B Eucl (0, 1) of the form B(x, s 1 (x)) such that 3λb 1 ∩ 3λb 2 = ∅ and the radii of b 1 , b 2 are smaller than 2 −1000 . This follows readily from the curvature bounds of Schoen-Simon. We set G β 0 := { smooth cones Γ tipped at 0 smooth outside of 0 such that Θ Eucl (0, 1) ≤Ā and max y∈Γ∩∂B Eucl (0,1)
For any bounded subset Ω of R n+1 , we fix in what follows a metric on the set of smooth metrics on the closure of Ω reflecting the C 3 topology.
Let A, δ > 0. Choice ofĀ: We can suppose (by rescaling g) that balls of radiusr are sufficiently close to Euclidean so that by the monotonicity formula, for any ball B(x, r) with r ≤r, and any closed minimal surface Σ ′ of n-volume at most A, the n-volume of Σ ′ ∩ B(x, r) is at mostĀr n /2.
Let Σ ⊂ M be a closed embedded minimal hypersurface whose n-volume is at most A. For 2s ≤ t <r and p ∈ M, we will say that Σ ∩ A(p, s, t) is δ-close to a cone Γ ∈ G β 0 if the following is true: there exists Γ ∈ G β 0 so that for all r ∈ [s, t/2] and for each component Σ 0,r of Σ ∩ A(p, r, 2r), there is a diffeomorphism Φ :
. We will say that A(p, s, t) is a pointed δ-conical annulus if
Consider a parameter K > 1000. Define
Note that if T is a telescope ∂T has two spherical components ∂ − T and ∂ + T , moreover Σ ∩ T is diffeomorphic to (∂ + T ∩ Σ) × (0, 1).
Lemma 5. There exist K 0 > 1000, δ 0 > 0 so that the following is true for any K > K 0 , δ < δ 0 . Let (M n+1 , g) be a closed manifold of dimension 3 ≤ n + 1 ≤ 7 and Σ a closed smoothly embedded minimal hypersurface and let A δ be defined as above. Then there exist L δ-telescopes T 1 , ..., T L such that T i are all disjoint, and
Proof. Take K 0 > 1000 and consider a parameter K 1 < K 0 .
First, note that Σ being a fixed smooth hypersurface, s 1 is bounded away from zero and s := inf{s; ∃p, A(p, s, 2s) ∈ A δ } > 0.
Consequently, there are finitely many annuli A(p 1 , t 1 , 2t 1 ), ..., A(p k , t k , 2t k ) ∈ A δ such that for any An ∈ A δ , there exists j ∈ {1, ..., k} so that
It can be checked that eachÂn j is a δ-telescope. Note also that for any K 1 > 0, if K 0 is large enough and δ 0 small enough, any two annuli of A bis δ which are close on their scale have very close centers on their scale in the following sense: if A(x, u, 2u) and A(y, v, 2v) are two annuli in A bis δ such that
That applies in particular to the annuli that constitute a telescope and also any annulus in A bis δ intersecting it. For instance when K 1 is large enough, if {S i } is a finite collection of disjoint δ-telescopes, for any j ∈ {1, ..., k} such thatÂn j is not contained in i S i , by definingÂn j as a new δ-telescopes if An j does not touch any of the S i , or by adding finitely many annuli of the form
Two or more δ-telescopes could merge into one δ-telescope during the process. We now can construct the family of telescopes {T i } as in the statement by induction. The first (trivial) step is to considerÂn 1 as a telescope T 1 1 . The (k + 1)-th step is achieved by applying (3) toÂn k+1 and the telescopes T k 1 , ..., T k l k obtained at the previous step. After the m-th step, we get a collection of disjoint δ-telescope whose union contains m i=1Â n i , so the lemma is proved.
We can now define the almost conical region (which depends on Σ). Definition 2.2. Given a closed embedded minimal hypersurface Σ, we define the almost conical region as
where T i are the δ-telescopes given by Lemma 5.
Of course from the proof of Lemma 5, we see that the choice of these telescopes is not unique. From now on we fixr, λ, A,Ā as above, δ < δ 0 and K > K 0 + 2 1000 where δ 0 , K 0 are as in Lemma 5.
2.3.
No index concentration outside of C. Recall thatr, λ > 2, s 1 ,Ā, δ, K > 2 1000 were introduced in Subsection 2.1. GivenĀ > 0 and δ > 0, we defined G β 0 and being "δ-close to a cone Γ ∈ G β 0 " in the previous subsection. We denote by B Eucl (., .) (resp. B(., .)) a geodesic open ball for the Euclidean metric (resp. the metric g).
The following theorem holds for dimensions 3 ≤ n+1 ≤ 7. Its assumptions are written in a way to be more easily checked in the next lemma, but are far from being optimal (for instance λ does not play an important role in the statement and can be thought of as equal to 1 ).
There exist β 2 > 1, µ > 0, andR > 1000 depending only on λ,Ā, δ, K such that the following is true. Let g be a metric µ-close to the Euclidean metric in the C 3 -topology on B Eucl (0,K) ⊂ R n+1 , and let
be a compact embedded minimal hypersurface with respect to g, such that
Proof. LetK := 12λK and fixR large. We will give an explicit bound later in the proof, see (4) .
We argue by contradiction and assume that the theorem is not true for thisR: let g k be a sequence of metrics as in the statement converging to the Euclidean metric, and let Σ k be a sequence of minimal hypersurfaces (with respect to g k ) as in the statement, except that the third bullet is replaced by lim k→∞ Θ g k (0, 2) − Θ g k (0, 1) = 0, and assume that neither (i) nor (ii) occurs. For clarity, denote by B k (., .) a geodesic ball for the metric g k . The assumption λs 1 (0) ≤ 1 12K ≤ 1 for each k, means that each Σ k intersects B k (0, 1). As noted in Subsection 2.1, for g k and Σ k , in any ball of the form B k (x, s 1 (x)), the hypersurface Σ k satisfies curvature bounds due to Schoen-Simon of the form
where y ∈ B k (x, s 1 (x)) and ǫ SS was chosen in Subsection 2.1. By definition of s 1 , by the fact that s 1 (y ′ ) = 1 and s 1 (0) <K −1 , we have
).
Let us check that providedR is well chosen, (i) not happening means the following
, the stable radius s 1 (.) of Σ k is uniformly bounded away from 0 independently of k. (Thus the second fundamental form is also uniformly bounded)
To check the Fact, we start by observing that given two points a, b with
, for any number s between s 1 (a) and
This follows from the continuity of s 1 , see Lemma 4. Moreover, when k is large and g k close enough the Euclidean one, there exists s ∈ (0, 1) (depending only on λ, K) such that for any point z ∈ B k (0,K 2 )\B k (0, 1 2K ) there exist two points u, v ∈ B k (y ′ , 1) and paths γ 0,u , γ z,v so that
and the s-neighborhoods (with respect to g k ) of γ 0,u and γ z,v are disjoint, contained in B k (0,K). We impose the real numberR to satisfy (4)
. More precisely, to find z ′ , z ′′ we do this:
, and the only thing to check
. But since we are assuming that (i) does not happen, for any point z ∈ B k (0,K 2 )\B k (0, 1 2K ) we have s 1 (z) ≥ 2 −(R+1) and the Fact is proved. Thanks to this Fact and the n-volume bound (first bullet in the assumptions), one can take a converging subsequence in B k (0, 7λK) so that the smooth limit is a compact connected minimal hypersurface
Moreover, Θ Eucl (0, 1) ≤Ā and Θ Eucl (0, 2) − Θ Eucl (0, 1) = 0. This implies by the monotonicity formula that there is a smooth cone Γ such that
) .
This cone belongs to G β 0 since otherwise, right before taking the limit, (i) would be true. To conclude, (ii) actually holds for k large enough which contradicts our assumption that the theorem was not true.
The next technical lemma is a corollary of the previous theorem. Let (M n+1 , g), 3 ≤ n + 1 ≤ 7,r, λ > 2 be as in Subsection 2.1, A,Ā, δ, K > 2 1000 + K 0 as in Subsection 2.2, letK = 12λK and define C as in Subsection 2.2. µ, β 2 ,R are given by Theorem 6. We can assume that for any ball of radius r less thanr the metric 1 r 2 g is µ-close to a flat metric in the C 3 -topology. We did not try to optimize the constants in the next corollary.
Then there are two balls b 1 , b 2 of the form B(y, s 1 (y)) such that (i) 3λb 1 ∩ 3λb 2 = ∅, (ii) the radii of b 1 , b 2 are the same and it belongs to
Proof. Recall thatK := 12λK. We apply Theorem 6 by rescaling and replacing s 1 (x 1 ) (resp. x 1 , x 2 ) with 1 (resp. y ′ , 0). We need to check that:
•Ks 1 (x 1 ) <r, this comes from the fact thatKs 1 
but this follows form the area bound, the definition ofĀ (see Subsection 2.2) and the previous point;
K but this is true by assumption of the lemma;
. Thus we can indeed apply Theorem 6. Suppose for a moment that (ii) of Theorem 6 occurs and that
We are assuming that x 1 is not in C, so we conclude that actually (i) of Theorem 6 occurs here and we obtain two balls b 1 , b 2 with same radius in [2 −(R+1) s 1 (x 1 ), 2 −1000 s 1 (x 1 )), whose centers are in B(x 2 ,K 2 s 1 (x 1 )). To finish the proof of our lemma, we have to finally check that
For that, we write 
We first look for a special cover of Σ\C. By Besicovitch covering lemma, we can extract from {B(x, s 1 (x)); x ∈ Σ\C} some subfamilies of balls
where c 1 is an integer depending only on (M, g). Let us focus on B (1) which we suppose has at least as many elements as any of the other B (i) .
For each k, we can find a subfamily
and
where c 2 depends only on (M, g) and ♯ is the cardinality. By the choice of λ, ǫ SS in Subsection 2.1, for all x ∈ M, the intersections Σ ∩ B(x, s 1 (x)) and Σ ∩ B(x, 2s 1 (x)) are each a union of convex n-disks which are almost flat. In particular, any finite intersection of such disks is contractible. We call this number the (stable) sheeting number.
By the monotonicity formula, since Σ has area bounded above by A > 0, there is a positive constant c 3 only depending on (M, g) (and the choices of λ, ǫ SS ) such that the sheeting number satisfies
Let F be a field and let b i (.) denote the Betti numbers, i.e. the dimension over F of the cohomology groups H i (., F ). ByČech cohomology [45, Appendix 4] , if {U i } i is a good cover of Σ with overlap less thanĉ > 0, the total Betti number n i=0 b i (Σ) of Σ is bounded above by a constant (depending only on the dimension andĉ) times the number of elements in {U i } i . See also Lemma 12.12 in [4] where the authors prove this for the Betti numbers defined as the dimensions of the homology groups H i (., F ).
In our case we have a good cover (5) of Σ\C with overlap at most c 1 . This good cover is made of open sets of the form Σ ∩ D where D is a convex n-disk of Σ. Form this good cover it is possible to construct a good cover of Σ with overlap at most 2c 1 . This is because C ∩Σ is smoothly almost conical and the closure of each of its components is diffeomorphic to a product of the form [0, 1] × Γ for some closed (n − 1)-manifold Γ.
Applying the previous observations and using (6) , (7), we conclude that there is c 4 only depending on (M, g) (changing from line to line) such that
In view of these inequalities, the goal of the end of our proof is to show that there is c 5 depending only on (M, g) and the area bound A so that
since the folding number satisfies f(Σ) ≤ index(Σ) (see Subsection 1.1).
Let us remark that for any k > 0, the maximal number of disjoint balls in F k is bounded above by a constant depending on (M, g) and k. In particular it is enough to prove k≥1 ♯B k ≤ c 5 f(Σ).
By assumptionr ∈ (1/2, 1), so when k ≥ 1, for any ball b ∈ B k , Σ ∩ λb is unstable.
In what follows, for each k ≥ 1, let B ′ k ⊂ F k be any family of balls of the form B(x, s 1 (x)) such that for any integer k, and any b, b ′ ∈ B ′ k ,
3λb ∩ 3λb ′ = ∅.
Definition of basis: If k≥1 B ′ k satisfies (10), we define a "basis" B of k≥1 B ′ k as follows. We proceed by induction, first we impose A 1 := B ′ 1 to be included in B. Then we choose a maximal subfamily
In other words, for any i, B ∩ B i is a maximal subset of B i such that for any j < i:
It is useful to introduce the following property for ( k≥1 B ′ k , B).
Property P[J]: Let J be a positive integer, let k≥1 B ′ k be a family satisfying (10) 
We check that for any family ≥1 B ′ k satisfying (10) 
We can suppose that the number of indices v > 0 so that there isb ∈ B ′ k+v with 3λb ∩ λB is larger than log 2 (2K) since otherwise Property P[J] is true. Let v 1 be the smallest integer larger than log 2 (2K) such that there is
Case A. First suppose that the number of u > 0 such that there is â b ∈ B ′ k+u with 3λb ⊂ (2λ − 2 −1000 )B is larger than m(log 2 (2K) + 1). Here (2λ − 2 −1000 )B is the ball sharing the same center with B but with radius 2λ − 2 −1000 larger.
Write
Let x (resp. y) be the center ofb j (resp.b). There exists a continuous path γ x : [0, 1] → (2λ − 2 −1000 )B (resp. γ y : [0, 1] → (2λ − 2 −1000 )B) such that γ x (0) = x (resp. γ y (0) = y), the endpoints γ x (1), γ y (1) are in B and dist g (γ x , γ y ) > 2 −999 rad(B). Observe that by definition
and similarly s 1 (γ y (1)) > 2 −1000 rad(B), while
and similarly s 1 (γ y (0)) < 2 −1000 rad(B). Then by Lemma 4 we can get two balls
Assume also that there is j ∈ {1, ..., m − 1} such that 6λb j ∩ 3λb m = ∅.
We use an argument similar to the one in the previous paragraph. Let x be the center ofb m . There exists a continuous path γ x : [0, 1] → (1.1λ+2 −1000 )B such that γ x (0) = x, the endpoint γ x (1) is in B and dist g (γ x , y) > 6λ rad(b j ). We have 
Let y i be the center ofb i . For i < i ′ :
By the choice of m, the monotonicity formula and the pigeon hole principle, there exists j ∈ {1, ...m − 1},
Since B is an element of the basis B andb j ∩ 1.1λB = ∅,b j is not in this basis so it is centered outside of the almost conical region C by assumption. We can thus apply Corollary 7 with x 0 being the center of B and x 1 = y j , x 2 = y m . There are two balls b 1 , b 2 of the form B(x, s 1 (x)) with 3λb 1 ∩ 3λb 2 = ∅, 3λb 1 ∪ 3λb 2 ⊂ 1.7λB, such that b 1 , b 2 ∈ F k+u j +R for some R ∈ [1000,R]. Note that if a ball Y has radius less than 2 −(k+1000) and 3λY ∩ (3λb 1 ∪ 3λb 2 ) = ∅, then 3λY ⊂ (2λ − 2 −1000 )B. By Fact 1 and how we defined the u i 's, the size of 
If for a certain i ∈ {1, ..., L} with u i ≥ 1000, there are two different balls
. Again, note that if a ball Y has radius less than 2 −(k+1000) and 3λY ∩ (3λb 1 ∪ 3λb 2 ) = ∅, then 3λY ⊂ (2λ − 2 −1000 )B. By Fact 1, the size of
Case (2) The last case left is when for all j ∈ {1, ..., L} with u j ≥ 1000, there is at
Then by Fact 2, the size of
and Case (1) of Property P[J] is then satisfied.
We prove the following proposition, which will be applied to our original family k≥1 B k . 
In particular, f(Σ) ≥ 1 2J k≥1 ♯B ′ k . Proof. The last consequence for the folding number f simply follows from the fact that if b = B(x, s 1 (x)) with s 1 (x) <r then Σ ∩ (1 + ǫ)λb is unstable for any ǫ > 0.
To prove (11), we use an induction argument on the depth of k≥1 B ′ k that we define as follows. Let v 1 (resp. v 2 ) be the smallest (resp. largest) positive integer so that
In that case, clearly for any maximal family {b i } K (0) i=1 as in the statement, 
Note that B ⊂ W ′′ ∪ W ′ and that Property P[J] implies that W ′ (resp. W ′′ ) contains at most JL ′ (resp. JL ′′ ) elements. Define also
The key point is that if B Z is a basis of k≥1 Z k , then ( k≥1 Z k , B Z ) still satisfies property P[J] but also has depth strictly less than D + 1 so we can apply the induction assumption to it. One can check that V ⊂ B Z by definition of basis, so the fact that ( k≥1 Z k , B Z ) satisfies property P[J] follows from Proposition 13. By construction, B Z has at least 2L ′′ balls. Next, let {b
be a maximal family of balls as in the statement but associated to k≥1 Z k . By assumption,
Consequently, one sees that {b
satisfies the two bullets in the statement of the proposition and for any maximal family {b i } K (0) i=1 as in the statement, K (0) is bounded below by the size of {b (1) i } K (1) i=1 plus the size of B ′ . Hence by induction
and (11) is proved for families of depth D + 1.
We can finally conclude this section.
Proof of Theorem 1. Applying Propositions 13 and 9 to k≥1 B k , inequality (9) is proved and so is Theorem 1.
Genus, Morse index and area in dimension 3
The goal of this section is to explain that in dimension 3, the factor C A in Theorem 1 can be chosen to satisfy
where C is a constant depending on (M, g) but not on the area bound A for the minimal surface Σ. The proofs are similar to the case of higher dimensions, and we will point out the necessary modifications compared to Section 2. The main difference is that a curvature estimate for stable minimal surfaces independent of the area is available, unlike in higher dimensions ( [48] ). Moreover stable minimal surfaces or minimal surfaces with curvature bounds are much better understood in dimension 3. For instance we will make use of the removable singularity theorem of Meeks-Pérez-Ros (see Theorem 11) instead of the monotonicity formula.
3.1. The almost flat region C. We define a region which will play a similar role as the almost conical region defined in Subsection 2.2. We will still denote it by C for simplicity. Let ǫ S > 0. Given a closed minimal surface Σ, let s 1 be the stability radius associated to Σ as defined in Subsection 2.1. One essential difference with Section 2 is that there are curvature bounds independent of the area due to Schoen [48] . If we suppose λ > 2 large enough (depending on ǫ S ), for any closed embedded minimal surface Σ, for any x ∈ M and any y ∈ Σ ∩ B(x, 2s 1 (x)),
Let ǫ > 0. Let Σ ⊂ M be a closed embedded minimal surface. For 2s < t <r, we will say that Σ ∩ A(p, s, t) is ǫ-flat if: for all r ∈ [s, t/2] and for any point x ∈ Σ ∩ A(p, r, 2r), r|A(x)| ≤ ǫ.
We will say that A(p, s, t) is a pointed ǫ-flat annulus if Let A(p 1 , t 1 , 2t 1 ), ..., A(p m , t m , 2t m ) be annuli inĀ bis ǫ such that their boundaries ∂A(p i , t i , 2t i ) intersect Σ transversely. We say that T := m i=1 A(p i , t i , 2t i ) is an ǫ-telescope if for all i = 1, ..., m 1 ,
Note that if T is a telescope, ∂T has two spherical components ∂ − T and ∂ + T . Moreover if ǫ is small enough (which we will always suppose), then Σ ∩ T is diffeomorphic to a union of 2-dimensional disks and annuli.
The following lemma is proved as Lemma 5:
Lemma 10. There exist K 0 > 1000, ǫ 0 > 0 so that the following is true for any K > K 0 , ǫ < ǫ 0 . Let (M 3 , g) be a closed manifold, Σ a closed smoothly embedded minimal hypersurface, and letĀ ǫ be defined as above. Then there exist L ǫ-telescopes T 1 , ..., T L such that T i are all disjoint, and
We can now define the almost conical region (which depends on Σ). Definition 3.1. Given a closed embedded minimal hypersurface Σ, we define the almost flat region as
where T i are the ǫ-telescopes given by Lemma 5.
The choice of the telescopes in the definition of C is not unique. From now on we fixr, λ as above, ǫ < ǫ 0 and K > K 0 + 2 1000 where ǫ 0 , K 0 are as in Lemma 10.
3.2.
Quantitative removable singularity theorem. We present the removable singularity theorem of Meeks-Pérez-Ros [43] in a more quantitative manner than the original statement. This will play the role of Theorem 6 in dimension 3. Recall thatr, λ > 2, s 1 , K, ǫ were introduced in the previous Subsection.
Theorem 11 ([43] ). There existK ≥ 12λK, µ > 0, andR > 1000 such that the following is true. Let g be a metric µ-close to the Euclidean metric in the C 3 -topology on B Eucl (0,K) ⊂ R 3 , and let (Σ, ∂Σ) ⊂ (B Eucl (0,K), ∂B Eucl (0,K) be a compact embedded minimal surface with respect to g, such that
2K , 7λK is ǫ-flat in the sense of Subsection 3.1.
Proof. The essential ingredient is the result of Meeks-Pérez-Ros [43] , which has the role played by the monotonicity formula in the proof of Theorem 6. If Theorem 11 is supposed to be not true, we want to derive a contradiction. For all k large so that 2 k ≥ 12λK, let g k be a sequence of metrics on B Eucl (0, 2 k ) converging to the Euclidean metric on compact sets, and let Σ k be a sequence of smooth embedded compact minimal surfaces as in the statement, with possibly unbounded area, except that the first bullet is replaced by
For clarity denote by B k (., .) (resp. B g (., .)) a geodesic ball for the metric g k (resp. for a metric g). If l is large enough then observe that the definition of s 1 implies B k (y ′ , 1) ⊂ B g (0, 2 l − 1)\B g (0, 1 2 l ). Let s l := 1 2 l+1 , this number satisfies the following. For l large, for any metric g close enough to the Euclidean one, for any point z ∈ B g (0, 2 l −1)\B g (0, 1 2 l ) there exist two points u, v ∈ B k (y ′ , 1) and two continuous paths γ 0,u from 0 to u, γ z,v from z to v so that γ z,v ⊂ B g (0, 2 l )\B g (0, 1 2 l ) and the s l -neighborhoods (with respect to g) of γ 0,u and γ z,v are disjoint, contained in B g (0, 2 l ). LetR l be defined as follows: R l = log 2 ( 3λ s l )+1000 (so that in particular 6λ2 −(R l +1) < s l andR l > 1000) and we can suppose it is larger than 1000. One can check that for two positive integers l 1 , l 2 , s l 1 = 2 l 2 −l 1 s l 2 andR l 1 =R l 2 − l 2 + l 1 . Similarly to the proof of Theorem 6, one can prove that if (i) does not occur to g k and Σ k withR =R k , then for any l ∈ {1, ..., k},
Recall that Schoen's 3-dimensional curvature bounds [48] (which are independent of the area) imply the following: for g k and Σ k , in any ball of the form B(x, s 1 (x)), one has |A(y)|s 1 (x) ≤ ǫ S (see beginning of Subsection 3.1). Using this curvature bound and (12), we conclude that if (i) does not hold for g k and Σ k withR =R k then there is a constant independent of k so that for all k, for all y ∈ B k (0, 2 k−1 )\B k (0, 1 2 k )
Then, Σ k subsequently converges smoothly outside of 0 to a lamination L of (R 3 \{0}, g Eucl ). Since L still satisfies the curvature bound (13), by [43] , 0 is a removable singularity of L. Since for g k and Σ k , s 1 (0) < 2 −k , by monotonicity, L has a leaf L passing through 0. This leaf L cannot be isolated and of multiplicity one, since by Allard's regularity theorem, the convergence would be smooth but it would contradict s 1 (0) < 2 −k for Σ k . Thus L is either isolated of multiplicity greater than one, or non-isolated. By Corollaries 3.4 and 3.5 of [43] , the closureL is a flat plane. By the half-space theorem for bounded curvature minimal surfaces of Xavier [58] , any other leaf of L is flat. But it means that for k large, Σ k ∩ B k (0, 7λK)\B k (0, 1 2K ) was ǫ-flat, a contradiction. Let (M 3 , g),r, λ > 2, ǫ, K be as in the previous subsection, µ,R,K ≥ 12λK as in Theorem 11. We assume that for any ball of radius r less than r the metric 1 r 2 g is µ-close to a flat metric in the C 3 -topology. The next lemma corresponds to Corollary 7 and has the same proof, except that one replaces Theorem 6 by Theorem 11.
• x 1 is not contained in the almost conical region C.
Then there are two balls b 1 , b 2 of the form B(y, s 1 (y)) such that (i) 3λb 1 ∩ 3λb 2 = ∅, (ii) the radius of b 1 , b 2 is the same and belongs to [2 −(R+1) s 1 (x 1 ), 2 −1000 s 1 (x 1 )) and (iii) 3λb 1 ∪ 3λb 2 ⊂ B(x 0 , 1.7λs 1 (x 0 )).
3.3.
Proof of Theorem 1 in dimension 3. The arguments are essentially already explained in Subsection 2.4. Let us go through it briefly and insist on the differences. Let Σ ⊂ (M 3 , g) be a closed embedded smooth minimal surface. We will use f,r ∈ [1/2, 1), λ, s 1 , C defined previously in this section.
Before beginning the proof, note that we can choose λ large enough so that the following is true: if x ∈ Σ\C, where C is the almost flat region defined in Subsection 3.1, then B(x, s 1 (x)) ∩ Σ\C is a union of open disks (whose topological boundaries are piecewise smooth). In general, by choosing λ well, we can also guarantee that a finite intersection of subsets of the form B(x, s 1 (x)) ∩ (Σ\C) is a contractible open set. Note also that C ∩ Σ is a union of disks and annuli, and that the Euler characteristic of Σ\C is equal to or smaller than the Euler characteristic of Σ. In particular,
Recall that we previously defined the sheeting number as follows: By the monotonicity formula, there is c 1 only depending on (M, g) such that N(Σ) ≤ c 1 area(Σ).
As in Subsection 2.4, we find a finite family k≥0 B of geodesic balls of the form B(x, s 1 (x)) where for each k, B k ⊂ F k and:
• each ball of k≥0 B is centered at a point in Σ\C,
• for all k, for any two balls b
for some c 2 only depending on (M, g). Next since the size of ♯B 0 is bounded above by a constant depending only on (M, g), it remains to prove
for a constant c 3 depending only on (M, g).
Proposition 8 is true in dimension 3 without the dependency on the area of Σ. We restate it because its proof is a bit different. Recall that Property P[J] was introduced in Subsection 2.4. Proposition 13. There is an integer J depending only on (M 3 , g) such that the following is true. Let Σ ⊂ (M, g) be a closed embedded minimal surface. For each k ≥ 1, let B ′ k ⊂ F k be a family of balls of the form B(x, s 1 (x)) such that for any b, b ′ ∈ B ′ k , 3λb ∩ 3λb ′ = ∅, and let B be a basis of k≥1 B ′ k . Assume additionally that any ball
. Proof. The proof slightly differs from that of Proposition 8 so it deserves some explanations.
Recall the definitions ofr ∈ [1/2, 1),Ā, λ, δ,K ≥ 12λK (Subsections2.1, 2.2, 3.2).
Let Σ, ≥1 B ′ k , B be as in the statement. Let B ∈ B ∩ B ′ k for some k ≥ 1. We denote the radius of a ball by rad.
Set
J := 2002Υ 1 + 4(log 2 (2K) + 1)
whereR is given in Theorem 6, and Υ 1 , Υ 2 are as in the proof of Proposition 8.
We can suppose that the number of indices v > 0 so that there isb ∈ B ′ k+v with 3λb ∩ λB is larger than log 2 (2K). Let v 1 be the smallest integer larger than log 2 (2K) such that there isb ∈ B ′ k+v 1 with 3λb ∩ λB = ∅.
Case A. First suppose that the number of u > 0 such that there is â b ∈ B ′ k+u with 3λb ⊂ (2λ − 2 −1000 )B is larger than 2(log 2 (2K) + 1). Instead of introducing m balls as in the proof of Proposition 8, we just need two of them.
Write for convenience k = u 0 . Since for u ≥ log 2 (2K), anyb ∈ B ′ k+u with 3λb ∩ λB = ∅ is such that 3λb ⊂ (2λ − 2 −1000 )B (the ball sharing the same center with B but with radius 2λ − 2 −1000 larger), we can find two integers
Then Case (2) of Property P[J] is satisfied (same proof as Case A.1. in the proof of Proposition 8).
Then Case (2) of Property P[J] is satisfied (same proof as Case A.2. in the proof of Proposition 8).
Case A.3. Suppose again thatb 1 ∩ 1.1λB = ∅ andb 2 ∩ 1.1λB = ∅. but this time assume additionally that
Since B is an element of the basis B andb 1 ∩ 1.1λB = ∅,b 1 is not in this basis and is centered outside of the almost flat region C. We can thus apply Corollary 12 with x 0 , x 1 , x 2 being the centers of B,b 1 ,b 2 : there are two balls b 1 , b 2 of the form B(x, s 1 (x)) with
. Note that if a ball Y has radius less than 2 −(k+1000) and 3λY ∩ (3λb 1 ∪ 3λb 2 ) = ∅, then 3λY ⊂ (2λ − 2 −1000 )B. So the size of
Consequently Case (2) Proof of Theorem 1 in dimension 3. We can now conclude this section. We combine Propositions 13 and 9 and deduce that (15) is true, which finishes the proof of Theorem 1 in dimension 3.
On the sheeting number in dimension 3
We collect some comparison results involving the sheeting number. For instance, we derive some nice consequences from assuming that N(Σ) is bounded. However we will see that even for generic metrics in the sense of Baire, we cannot hope to bound uniformly N(Σ) independently of the minimal surface Σ.
The following lemma ensures that the area of the almost flat region of Σ has area smaller than the total area by a definite fraction. Proof. Remember that C = L i=1 T i where T i are the disjoint ǫ-telescopes given by Lemma 10. (2), we call p 1 the center of T and 2t m the radius of T . Let q 1 , ..., q L (resp. 2r 1 , ..., 2r L ) the centers (resp. radii) of T 1 , ..., T L . In the following we will use the easy fact that sufficiently almost flat minimal surfaces in B Eucl (0, 1) are stable. By definition of the stable radius s 1 and "pointed ǫ-flat annulus" (see Subsection 3.1), if K was chosen large enough, then for any j, j ′ ∈ {1, ..., L} such that r j ≤ r j ′ :
Thus by the monotonicity formula, if K is large enough,
Now as in Subsections 2.4 and 3.3, we use the Besicovitch lemma to get an integer c 1 , and families B (i) of balls of the form B(x, s 1 (x)) with x ∈ Σ\C, such that:
and we can assume that B (1) = k≥0 B k is chosen so that (see Lemma 14) area(Σ ∩
Let r b be the radius of b. Recall that the balls in B (1) are disjoint. Then by definition of N(Σ) and Hölder's inequality, there is a c 2 depending only on (M, g) with:
We have shown in Propositions 13 and 9 that k≥0 ♯B k is bounded above by a constant times (index(Σ) + 1), and k≥0 b∈B k r 3 b is clearly less than the total volume of (M, g) times a universal factor (remember that the balls of B (1) = k≥0 b∈B k b are disjoint). Consequently, we get the following theorem: Remark 4.1.
• The above theorem is optimal: H. Schwarz's triply periodic minimal surfaces give examples of minimal surfaces in a flat 3-torus for which N(.) is uniformly bounded and area, index 1 3 go to infinity at the same rate, while Lawson's minimal surfaces in S 3 [36] show that in general N(.) is unbounded and area ≤ C(index +1) 1 3 does not hold.
• If N(.) is uniformly bounded, then Theorem 15 and Ejiri-Micallef [19] imply area ≤ C(genus +1) 1 3 . Combining Theorem 15 with (14), (15) and Propositions 13 and 9, we have:
Theorem 16. Let (M, g) be a closed 3-manifold. There is a constant C depending only on (M, g) such that for any closed embedded minimal surface Σ, genus(Σ) + area(Σ) ≤ CN(Σ)(index(Σ) + 1).
We noted in Remark 4.1 that there are explicit sequences of minimal surfaces Σ i such that N(Σ i ) is not bounded. Can one hope to bound the sheeting number at least for unstable minimal surfaces in generic metrics in the sense of Baire? The answer is negative, as shown below. Let M bumpy be the set of bumpy metrics on a manifold. By White [54, 55] , this is a C ∞ -generic subset of metrics in the sense of Baire. Sketch of proof. In [52, Section 2 Theorems 9 and 10, Section 3], for any compact manifold (N, g ′ ) with strictly stable minimal boundary and a generic metric g ′ , we constructed an infinite sequence of connected closed minimal surfaces {Γ (p) } p embedded in the interior of (N, g ′ ), so that the following limit exists:
where each m (p) is a positive integer called multiplicity of Γ (p) . Each surface Γ (p) is constructed with a p-parameter min-max procedure. Roughly speaking, I used Almgren-Pitts' theory to obtain these surfaces, but one could replace that by the Allen-Cahn version of min-max [23, 20, 10] . Let M be a closed 3-manifold and let S be an embedded sphere bounding a 3-ball N.
There is a metric g that makes S strictly stable. Let us apply [52, Theorem 10] to N endowed with a generic metric g ′ close to g: by [10] , Γ (p) has multiplicity m (p) equal to one and Morse index equal to p, and by (16) , area(Γ (p) ) grows linearly in p too. Considering Theorem 15, it means that for generic metrics g ′ close to g, N(Γ (p) ) cannot be bounded uniformly with respect to p. In fact N(Γ (p) ) has to grow at least as fast as p . This proposition sheds light on the geometric properties of the infinite sequence of minimal surfaces {Γ (p) } that we constructed in compact manifolds with strictly stable minimal boundary [52, Theorem 10] . They seem to behave very differently from the min-max minimal surfaces constructed by Marques-Neves in [39, Main Theorem] . See Section 6 for further questions on the sheeting number N(Σ).
Singular set and Morse index in dimensions at least 8
In this section we prove Theorem 2. The estimates on the singular set of area minimizing hypersurfaces of Naber-Valtorta [44] will replace curvature estimates [48, 49] which were so useful in previous sections. The results of Naber-Valtorta [44, Theorem 1.6 and Section 9] actually hold for minimal hypersurfaces smooth outside a set of Hausdorff codimension at least 7 which are stable (instead of area minimizing), since only the ǫ-regularity property is used [44, Theorem 2.11] , and the latter holds for stable hypersurfaces. 5.1. The case of dimension 8. It happens that in order to prove Theorem 2 in dimension 8, we can use arguments almost identical to those involved in the proof of Theorem 1. Consider a closed manifold (M 8 , g) and a minimal hypersurface Σ ⊂ M embedded smoothly outside of finitely many points, and of finite index (see the Introduction for why these objects are natural). Letr < injrad M , we can assume thatr ∈ (1/2, 2) and 6r < injrad M . In Section 2, we conveniently used a large λ > 2 while here we can just take λ = 2. Let s 1 be the stability radius defined by (see Subsection 2.1) s 1 (x) := sup{r ≤r; B(x, 2r) ∩ Σ is stable}.
The following lemma, which holds in all dimensions n + 1, ensures that s 1 is bounded away from 0. Lemma 18. If Σ is a minimal hypersurface in (M n+1 , g) whose singular set has dimension at most n − 7 and has finite Morse index, then for all x ∈ M, we have s 1 (x) > 0.
Proof. If x is not on Σ or is a smooth point of Σ then the lemma is clear. If x is in the singular set of Σ, suppose towards a contradiction that for any small a > 0, Σ ∩ B(x, a) is unstable. Fix a 0 > 0 small enough, then by the usual cut-off argument, we get a number a 1 < a 0 so that Σ ∩ (B(x, a 0 )\B(x, a 1 )) is unstable. We can continue with a 1 instead of a 0 , etc, and get a decreasing infinite sequence of positive radii {a k } so that every piece Σ ∩ (B(x, a k )\B(x, a k+1 )) is unstable. [51, Lemma 3.1] would imply that Σ has infinite Morse index, a contradiction.
Let A > 0. By Naber-Valtorta [44, Theorem 1.6] , in dimension n + 1 = 8 there is a constant c N V depending only on (M, g) and A, so that for any closed minimal hypersurface Σ as above with 7-volume at most A, for any x ∈ M,
where ♯ means as before the number of elements in a set, and Sing denotes the (finite) singular set. Let f(Σ) be the folding number of Σ (see Subsection 1.1). As already observed previously, the maximal number of disjoint balls of the form B(x, 2s 1 (x)) with s 1 (x) <r, at positive distance to one another, is smaller than or equal to the folding number f(Σ).
In dimension 8, s 1 is still continuous:
Lemma 19. Given (M, g), Σ as above, the stability radius s 1 : M → (0,r] is a continuous function.
Let A > 0 and defineĀ correspondingly as in Subsection 2.2. We can define an almost conical region C as in Subsection 2.2. To see this, note the following:
Lemma 20. LetĀ > 0. If β 0 is large enough, for any minimal cone Γ ⊂ R 8 tipped at 0 smooth outside of 0, with Θ Eucl (0, 1) ≤Ā and with max y∈Γ∩∂B Eucl(0,1) |A(y)| ≥ β 0 , there are two balls b 1 , b 2 ⊂ B Eucl(0,1) of the form B(x, s 1 (x)) such that 6b 1 ∩ 6b 2 = ∅ and the radii of b 1 , b 2 are smaller than 2 −1000 .
Proof. Let {Γ m } m>0 be a sequence of cones as in the statement but also with (18) max y∈Γ∩∂B Eucl(0,1) |A(y)| ≥ m.
By the cone structure, it suffices to prove that s 1 cannot be bounded away from 0 on Γ m ∩ ∂B Eucl(0,1) . If this is the case, then by the work of Schoen-Simon [49] on stable minimal hypersurfaces, Γ m subsequently converges to a minimal cone Γ ∞ tipped at 0 with isolated singularities. In particular Γ ∞ is smooth outside of 0. Since s 1 is bounded below away from 0 along the sequence on Γ m ∩ ∂B Eucl(0,1) , the sheeting theorem of Schoen-Simon [49, Theorem 1] implies that Γ m had curvature bounds away from 0 which contradicts (18) .
Let δ, K > 0. We define G β 0 , "δ-close to a cone Γ ∈ G β 0 ", "pointed δ-conical annulus", A δ , A bis δ , δ-telescopes as in Subsection 2.2. Lemma 5 holds in dimension 8:
Lemma 21. There exists K 0 > 1000, δ 0 > 0 so that the following is true for any K > K 0 , δ < δ 0 .
Let (M 8 , g) be a closed manifold of dimension 8 and Σ a closed minimal hypersurface embedded smoothly outside of finitely many points, of finite index. Then there exist L δ-telescopes T 1 , ..., T L such that all T i are disjoint and
Proof. The proof is identical to the one of Lemma 5, except that we use Lemma 18 to get that s 1 is bounded away from 0 on Σ and that s := inf{s; ∃p, A(p, s, 2s) ∈ A δ } > 0.
We can finally define the almost conical region C as in Subsection 2.2:
We fixr, A,Ā, δ < δ 0 , K > K 0 + 2 1000 ,K := 12λK.
With these definitions in place, one can check that Theorem 6 holds for n+ 1 = 8, replacing λ by 2 in the statement. The proof is the same, but instead of using the curvature bounds of Schoen-Simon in dimensions 3 to 7, we use their sheeting theorem as in the proof of Lemma 20. As a consequence, the analogue of Corollary 7 also holds true, as well as Propositions 8 and 9 (always replacing λ by 2).
We can now complete the proof of Theorem 2 in dimension 8 as follows. Let Σ ⊂ (M 8 , g) be an embedded closed minimal hypersurface with a finite singular set, of finite Morse index and 7-volume at most A. Let C the almost conical region of M defined above. In particular C is smooth and does not contain any singular point. Recall that s 1 (x) > 0 for any x by Lemma 18. By a covering of Σ\C with balls of the form B(x, s 1 (x)) and the Besicovitch lemma as in Subsection 2.4, and by using (17), we get a finite family k≥0 B of geodesic balls of the form B(x, s 1 (x)) where for each k, B k ⊂ F k and:
• for all k, for any two balls b 1 , b 2 in B k , 6b 1 ∩ 6b 2 = ∅,
• ♯ Sing(Σ) ≤ c 1 k≥0 ♯B k , for some c 1 only depending on (M, g) and A. Applying Propositions 8 and 9 here (with λ = 2), we conclude that
for some c 2 only depending on (M, g) and A, and Theorem 2 is proved in dimension 8.
5.2.
The case of dimension n+1 ≥ 9. Let Σ ⊂ M n+1 be a closed minimal hypersurface with n-volume bounded above by A > 0, where n ≥ 8. We assume Σ to be embedded outside of a subset of dimension at most n−7. Let Sing(Σ) be its singular set. In high dimensions, we do not need to introduce an almost conical region C.
Let F k and s 1 be defined as before (with λ = 2). By Lemma 18, s 1 (x) > 0 for all x. By using a covering with balls of the form B(x, s 1 (x)), and the Besicovitch lemma, we get (similarly to Subsection 2.4) a finite family . We will make use of the notion of basis, whose definition is recalled here: let B ′ be a finite family of balls such that for all k and b = b ′ ∈ B ′ ∩ F k , 6b ∩ 6b ′ = ∅, then a basis B ′ of B ′ is a subfamily such that for all i, B ′ ∩ F i is a maximal subset of B ′ ∩ F i satisfying for all j < i:
Let m be an integer larger than 1000 (it will be useful later). We can suppose that for a constant c 3 depending only on (M, g) and m, and for an integer k 0 ∈ [0, m − 1], (19) H n−7 (Sing(Σ)) ≤ c 3 .
We can suppose that k 0 = 0 since the other cases are treated in the same way.
Let us modify once more the family j≥0 B mj by removing some of its elements. The modification involves finitely many steps: we start with a basis B 0 of B 0 := j≥0 B mj . Let B ∈ B 0 , let I(B) ⊂ N be the set of integers such that for j ∈ I(B), there is at most one ball b ∈ B 0 ∩ F mj with 6b ⊂ 3B. We set
Let B 1 be a basis of B 1 . We can repeat this procedure, remove some elements from B 1 , and eventually we get a sequence of families B 0 , B 1 , B 2 , ..., B l with  associated bases B 0 , B 1 , B 2 , ..., B l where l is the last integer for which B ml = ∅.
Consider j≥0 B j . Note that for each i ≥ 0, B i is a basis of j≥i B j . The point of this construction is the following lemma.
either there is no ball b ∈ B j with j > i and 6b ∩ 2B = ∅,
Proof. To check this lemma, suppose that Item (1) does not happen, then there is b ∈ j≥i+1 B j such that 6b ∩ 2B = ∅. By definition of basis, there isb ∈ B i+1 with 6b ∩ 6b = ∅. Note thatb ⊂ 3B by the choice of m. By construction, there is also another ballb ′ in j≥i+1 B j of size comparable tô b so that 6b ′ ⊂ 3B but 6b ∩ 6b ′ = ∅. So by definition of basis again, there is another ballb 2 ∈ B i+1 with 6b ′ ∩ 6b 2 = ∅ and 6b ∩ 6b 2 = ∅, so in particular 6b 2 ⊂ 4B by the choice of m. To conclude, 6b ∩ 6b 2 = ∅, 6b ⊂ 4B, 6b 2 ⊂ 4B and Item (2) is valid.
Before continuing, we remark the following basic fact for n > 7:
∀i ≥ 0, j≥i+1 (2 −mj ) n−7 = 1 1 − 2 −(n−7)m (2 −m(i+1) ) n−7 ≤ 2(2 −m(i+1) ) n−7 .
Hence, by construction of the B i : (20) To i≥1 B i we associate a (not necessarily connected) tree T constructed as follows: each element of i≥1 B i is a vertex, and for each i ≥ 0, for a B ∈ B i such that (2) in Lemma 22 occurs, choose two balls b, b ′ ∈ B i+1 as in (2) , and join B to b, b ′ with an edge for each. This indeed defines a tree T and let {b a } L a=1 be the balls corresponding to the leaves (vertices for which there are no b, b ′ as above) of T . One checks that for a = a ′ , dist(2b a , 2b a ′ ), and since 2(1 + ǫ)b a ∩ Σ is unstable for all ǫ > 0, this means that (21) f(Σ) ≥ L.
Now since each vertex of T either has no descendants or has two of them,
where ♯T is the total number of vertices in T , which is i≥1 ♯B i . By Hölder's inequality,
We have just seen in (21), (22) that there is c 5 depending only on (M, g) so that i≥0 ♯B i = ♯B 0 + i≥1 ♯B i ≤ c 5 (f(Σ) + 1).
Moreover, since the balls of k≥0 B k are disjoint and centered at points of the minimal hypersurface Σ, by the monotonicity formula
Putting these estimates together with (19) , (20) , we get a constant C A depending only on (M, g) and the area upper bound A such that H n−7 (Sing(Σ)) ≤ C A (f(Σ) + 1) 7 n . This finishes the proof when n > 7.
Open problems
We conclude with some conjectures and questions that naturally arose during our work.
A general relation for area, index and genus in dimension 3.
In what follows, Ric (resp. R) denotes as usual the Ricci (resp. scalar) curvature. If f 1 , f 2 are two functions defined on the set of closed minimal surfaces, write f 1 ≈ f 2 if there is a constant C > 0 depending only on (M, g) so that C −1 f 1 ≤ f 2 ≤ Cf 1 and define similarly. We conjecture the following, which generalizes the conjecture of Marques-Neves-Schoen (stated in the Introduction) and our results concerning bounded area minimal surfaces (see Theorems 1 and 16). Note that Ejiri-Micallef [19] already proved half of these inequalities by showing that index(Σ) genus(Σ) + area(Σ), and if Ric ≥ c > 0, Choi-Schoen [12] proved that area(Σ) genus(Σ) + 1 so Item (3) above is just a reformulation of the conjecture of Marques-Neves-Schoen (1). [9] implies that for each item, if the right-hand side is bounded, then so is the left-hand side. The relevance of Item (1) for min-max theory is that the sequence of minimal surfaces {Σ p } produced by [39, 20, 10] in any closed 3-manifold should generically have genus growing linearly in p. This is reminiscent of Yau's conjecture for the size of nodal sets of eigenfunctions. 6.2. Quantitative estimates for complexities of stable minimal hypersurfaces. In this paper, we showed that to get quantitative estimates for minimal hypersurfaces of high Morse index, it "suffices" in some sense to get quantitative estimates for stable minimal hypersurfaces. We used Schoen-Simon [49] and Naber-Valtorta [44] , which are estimates for uniformly bounded n-volume stable minimal hypersurfaces. How do these estimates depend on the n-volume of the stable minimal hypersurfaces? Here are two concrete questions: Q 1 : In dimensions 4 ≤ n+1 ≤ 7, if (Σ, ∂Σ) ⊂ (B Eucl (0, 2), ∂B Eucl (0, 2)) ⊂ R n+1 is a stable minimal hypersurface, is the total Betti number of Σ ∩ B Eucl (0, 1) bounded above linearly in terms of the n-volume of Σ? Q 2 : In dimensions n + 1 ≥ 8, if (Σ, ∂Σ) ⊂ (B Eucl (0, 2), ∂B Eucl (0, 2)) ⊂ R n+1 is a stable minimal hypersurface with codimension 7 singular set, is the n−7-dimensional Hausdorff measure of the singular set of Σ∩B Eucl (0, 1) bounded above linearly in terms of the n-volume of Σ?
For Q 1 in dimension n + 1 = 3, the answer is positive and follows from Schoen's curvature bound for stable minimal surfaces [48] , (see also Maximo [42] , and alternatively Theorem 1).
6.3.
Examples and counterexamples in higher dimensions. Answering the two following conjectures would be highly desirable. The first one is related to the well-known scarcity of examples of minimal hypersurfaces with small singular sets. We were motivated to formulate Conjecture C 3 in analogy with the case of Einstein manifolds: Cheeger-Naber [8] proved that the family of closed v-noncollapsed Einstein 4-manifolds with diameter bounded by D contains finitely many diffeomorphism types, but Hein-Naber constructed in an unpublished work a sequence of Ricci-flat Kähler geodesic unit balls of complex dimension n ≥ 3 uniformly noncollapsed but with n-th Betti number going to infinity. 6.4. Sheeting number of min-max minimal surfaces in dimension 3. About the sheeting number in dimension 3, note that curiously in Theorem 15 the powers for the index and the area are exactly the ones predicted by min-max theory for a sequence {Σ p } of min-max minimal surfaces produced by usual min-max methods [39, 20] : the minimal surface Σ p has generically index p and area growing as p 1 3 [10] . We are led to ask the following question. This question can be considered as an attempt to generalize the Multiplicity One conjecture of Marques-Neves [38] (which was solved in [10, 60] ).
Accumulation phenomenon around stable minimal surfaces.
In our joint work with Marques and Neves [40] , we formed the intuitive picture that minimal surfaces obtained by usual min-max methods [39] in a closed manifold (M 3 , g) should equidistribute. On the other hand, our proof of Yau's conjecture in the general case [52, Theorem 10] implies that in any compact 3-manifold N with a generic metric and strictly stable minimal boundary an infinite sequence of (connected closed embedded) minimal surfaces {Γ (p) }. Proposition 17 suggests that these minimal surfaces do not equidistribute even though they are constructed by min-max methods. We conjecture that, on the contrary, these surfaces accumulate around a stable minimal surface. More generally: C 4 : For any strictly stable closed embedded minimal surface Σ in a closed manifold (M 3 , g) with a generic metric, there should be a sequence {Γ j } of closed embedded minimal surfaces different from Σ so that ||Γ j || area(Γ j ) → ||Σ|| area(Σ) as varifolds when j → ∞.
The reader can also compare this conjecture with the minimal surfaces constructed by Colding-C. De Lellis in [13] , which accumulate around a stable minimal 2-sphere.
